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O ■ Abstract 

■ We propose a new proof, as well as a generalization of Mirzakhani's recursion for 

I volumes of moduli spaces. We interpret those recursion relations in terms of 

expectation values in Kontsevich's integral, i.e. we relate them to a Ribbon graph 
decomposition of Riemann surfaces. We find a generalization of Mirzakhani's 
recursions to measures containing all higher Mumford's k classes, and not only ki as 
^ ■ in the Weil-Petersson case. 

O 

o 

O ■ 1 Introduction 



Let 

YolwpiMg,niLu...,Ln)) (1-1) 

be the volume (measured with Weil-Petersson's measure) of the moduli space of genus 
g curves with n geodesic boundaries of length Li, . . . , L„. Maryam Mirzakhani found a 
beautiful recursion relation [TTl [12] for those functions, allowing to compute all of them 
in principle. That relation has then received several proofs [T^ [TU] . and we provide 
one more proof, more "matrix model oriented" . 

The main interest of our method, is that it easily generalizes to a larger class of 
measures, containing all Mumford classes k,, which should also prove the result of Liu 
and Xu [ID]. 

In fact, our recursion relations are those of and they should be generalizable 
to a much larger set of measures, not only those based on Kontsevich's hyperelliptical 
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spectral curve, and not only rational spectral curves. For instance they hold for the 
generalized Kontsevich integral whose spectral curve is not hyperelliptical, i.e. they 
should hopefully allow to compute also some sort of volumes of moduli spaces of stable 
maps with spin structures. 

In [5j it was observed that after Laplace transform, Mirzakhani's recursion became 
identical to the solution of loop equations [7] for Kontsevich's matrix integral. Based 
on that remark we are in position to reprove Mirzakhani's result, and in fact we prove 
something more general: 

Consider an arbitrary set of Kontsevich KdV timej^ ^2^+3, d = 0, 1, . . . , cxo, we 
define their conjugated times tk, /c = 0, 1, . . . , 00, by: 

f(^)=f:^^^tT'^ - m=-Mi-f{z))=f:uz' (1-2) 

a=l ■ ^ b=l 

Then we prove the following theorem: 

Theorem 1.1 Given a set of conjugated Kontsevich times io,ii,i2, ■ ■ ■, the following 
"Mumford volumes", 

do 

d(i+d-i+...+dn=dg,n k=l bi+...+btc=do,bi>0 



:i-3) 



i=i 1=1 1=1 i=i 



where dg^n = 3g — 3 + n = dim Aig^n, satisfy the following recursion relations (where 
K = {zi, . . .,Zn}): 

TI7 n TiA / \ dZidZ2 

Wo,l=0 Wo,2iZuZ2" 



1 - dZn+l 



(Zi - Z2) 
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Wg,^^,{K^ = - Res (,2^^_,2)(^(,)_^(_,))^, [W^.-i.n+2(., K) 

a 

+ E E ^'^.l+I^K^' J) Wg.H^+n^\j\{-Z,K/J) 
h=0 JCK 

(1-4) 



where 



00 

y{z)=z~-Y,t2k-,3z''^' (1-5) 



2 

A;=0 



^Our definition of times tk siiglitiy differs from the usual one, we have tk — jj-Tr A ^. 
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From theorem ll.H we obtain as an immediate consequence if t2d+3 = ~ m+ii +^^rf,0; 



2d+l\ 

i.e. ti = 47r^ and = for A; > 1, and after Laplace transform: 

Corollary 1.1 The Weil-Petersson volumes satisfy Mirzakhani's recursions. 

The proof of theorem 11.11 is detailed in the next sections, it can be sketched as 
follows: 

• We first define some Wg,„(zi, . . . , z„) which obey the recursion relations of [7], i.e. 
eq Jl-4[ In other words, we define them as the solution of the recursion, without 
knowing what they compute. 

• We prove that those Wg^n{zi, . . . , z„) correspond to some expectation values in the 
Kontsevich integral Z{A) = J dM ^-NTt (^-ma^) ^ ^^leie A = diag(Ai, . . . , A„), 
and tk = jjTt A^'', of the form: 

• Then we expand < Mj^^j^ . . . Mi^^i^ > into Feynman ribbon graphs, which are in 
bijection with a cell decomposition of A4'g°^^ (like in Kontsevich's first works), 
and the value of each of those Feynman graphs is precisely the Laplace transform 
of the volume of the corresponding cell. 

• the sum over all cells yields the expected result: the inverse Laplace transforms of 
Wg^n are the volumes V^,„, and, by definition, they satisfy the recursion relations. 

• In fact the volumes are first written in terms of the first Chern classes ipi in 
formula eq J2-31t and after some combinatorics, we find more convenient to rewrite 
them in terms of Mumford k classes. 



Then, we specialize our theorem to some choices of times t^'s, in particular the 
following: 

• The first example is t2d+3 = — 2d+v. ~^ '^^d,o, in which case Vg^n the Laplace 
transform of Wg^n are the Weil-Petersson volumes, and thus we recover Mirzakhani's 
recursions. 

• Our second example is tk = X^^, i.e. A = Aid, for which the Kontsevich integral 
reduces to a standard one-matrix model, and for which the Wg^n are known to count 
triangulated maps, i.e. discrete surfaces with the discrete Regge metrics (metrics whose 
curvature is localized on vertices and edges). We are thus able to associate some class 
to that discrete measure on Aig^n- And we have a formula which interpolates between 
the enumeration of maps and the enumeration of Riemann surfaces, in agreement with 
the spirit of 2d-quantum gravity in the 80's [HI [21 [1|. 
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2 Proof of the theorem 



2.1 Kontsevich's integral 

In his very famous work [9j Maxim Kontsevich introduced the following matrix integral 
generating function for intersection numbers 

Z(A) = y"dMe-^Tr(Mi-Af(A^+<0) 
(2-1) 

where the integral is a formal integral over hermitian matrices M of size A^, and A is 
a fixed diagonal matrix 

A = diag(Ai,...,A„) , tfc = ^TrA-'= (2-2) 

Throuthough all this article we shall assume ti = 0, since anyways none of the quantities 
we are interested in here depend on ti (see symplectic invariance in 0, or see [3]). 

In [7], a method to compute the topological expansion of such matrix integrals was 
developped. We first define the Kontsevich's spectral curve: 

Definition 2.1 The spectral curve of Z{A) is the rational plane curve of equation: 

V 1 1 / 1 \^°^ 

Tr— ^--(t.— =0 (2-3) 

i. e. it has the following rational uniformization 

f x{z) = + ti 

Then we define (i.e. the algebraic invariants of [7J): 
Definition 2.2 We define the correlators: 

1^0,1 = 1^0,2(^1, z^) = J^l^ (2-5) 

{Zi - Z2Y 

and we define by recursion on 2g — 2 + n, the symmetri^ form Wg^n+i{zo, ^1, • • • , ^n) 
by (we write K = {zi, . . . , Zn} ): 

W^,,„+i(i^, = Res (^2^^_^2)J('1)"^'^(_^))^^(^) K-i,n+2(^, -z, K) 



^The non-obvious fact that this is symmetric in its n -|- 1 variables is proved by recursion in [7]. 
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+ E E ^h^+\J\{z, J) Wg.h,l+n^\J\{-Z, K/J) 



[2-6) 



h=0 JCK 



Then, if = ydx, we define for g > 1: 

1 



Res <!>{z)Wg,i{z) 



(2-7) 



' 2g-2 z^o 

(there is a separate definition of Fg for g = 0, 1, but we shall not use it here). 

We recall the result of ^ (which uses also [H]): 
Theorem 2.1 

oo 

InZ = ^A^2-2<;^^ (2-8) 

9=0 

Now, we prove the more elaborate result: 
Theorem 2.2 if ii, ■ ■ ■ ,in Q'^e n distinct integers in [1, A^], then: 



dx{\ij . . ■dx{\i^) 



(9) 
c 



(2-9) 

where < . > means the formal expectation value with respect to the measure used 
to define Z, the subscript c means connected part or cumulant, and the subscript {g) 
means the g^^ term in the topological expansion. 

In other words, the Wg^n compute some expectation values in the Kontsevich inte- 
gral, which are not the same as those computed by [3]. 

proof: 

From eq. 12-11 it is easy to see that: 

9" InZ 



i.e., to order A^^ 



d\i^ . . . dXi„ 



dXi^ . . . dXi^ 



Now, let us compute ^ with the method of 

Consider an infinitesimal variation of the matrix A: Aj — > Aj -|- 6Xi (we assume 
5ti = 0). It translates into the following variations of the function y{z): 

6A 



2"A.,...A.„ (M,,,,...M,„,„) 



(9) 



(2-10) 



(2-11) 



^yi^) = ^ Tr _ 



(2-12) 
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and thus the form: 



6y{z)dx{z) = Tr 



N z-A 
Res --r — Tr 



c-^ {z-cy N c - A 

ERes 7 — — Tr 



(2-13) 

Then, using theorem 5.1 of [7j, we have: 

5A 



6F, = ^ResH^(^)(C)i-Tr 



dX, N 



I.e. 



wi'\Xi) = (M,,)(^) dx{X,) (2-15) 
And repeating the use of theorem 5.1 in recursively we get the result. □ 

Example: 



^ 16(2 -ta) VAf (2-t3)Af; ^ ^ 8(2-^3^2 I ^ 



2.2 Expectation values and ribbon graphs 

Let ii, be n distinct given integers G [1, . . . , A^]. We want to compute: 

(M,,,,...M,„,J(^) (2-17) 

Let us also choose n positive real perimeters Pi, . . . , 

Let r{g,n,m) be the set of tri-valent oriented ribbon graphs of genus g, with n 
marked faces, and m unmarked faces. Each marked face P = 1, . . . , n carries the given 
index ip, and each unmarked face / carries an index if G [1, . . . , A^]. 

Let us consider another set of graphs: Let T*{g, n, m) be the set of oriented ribbon 
graphs of genus g, with trivalent and 1-valent vertices, made of m unmarked faces 
bordered with only tri-valent vertices, each of them carrying an index if, and n marked 
faces carrying the fixed index ip & {ii, . . . such that each marked face has one 
1-valent vertex on its boundary. The unique trivalent vertex linked to the 1-valent 
vertex on each marked face, corresponds to a marked point on the boundary of that 
face. 
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For any graph G in either T{g, n, m) or T*{g, n, m), each edge e is bordered by two 
faces (possibly not different), and we denote the pair of their indices as (eieft, Cright)- 

Assume that ii, . . . ,in are distinct integers. The usual fat graph expansion of matrix 
integrals gives (cf [21 HI [H]): 

/ 1 \#:vertices -] 

(2-18) 

It is obtained by first expanding e""""^*^^ = X^^^o ( Tr M^Y , and then 

computing each polynomial moment of the Gaussian measure e"^"'"''^*^^ with the help 
of Wick's theorem. Each TrM^ corresponds to a trivalent vertex, each Ma corresponds 
to a 1-valent vertex, and edges correspond to the "propagator" < MijM^i >Gauss= 
N{y+x) - '^^^ result is best represented as a fat graph, whose edges are double lines, 
carrying two indices. The indices are conserved along simple lines. The symmetry 
factor comes from the combination of l/(3^f!) and the fact that some graphs are 
obtained several times. Notice that (—1)'' = (—1)", because the total number of 1 and 
3-valent vertices must be even. 

Notice that the edge connected to the 1-valent vertex Mj^^ gives a factor 1/2 A j^, 
and the two edges on the boundary of face F, on each side of the 1-valent vertex give 
a factor l/{\ip + XjY (where j is the index of the neighboring face), which can be 
written: 

I noo pis 

= dlj dU e-'=(^'^+^^) (2-19) 
^ ^j) Jo Jo 



iK + A. 

and all other edges have a weight of the form 

1 



die e-'-^^^-K'ft+^^'sht) (2-20) 



e right 

We are thus led to associate to each edge e a length le G R^. 
Therefore 

N-"" (-1)" 



2"A,...A,„ ^ f-^ #Aut(G) 
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poo Hep 

, Jo Jo 



dip 



eeedges(G) " F=l ' 

(2-21) 

Now, we introduce the perimeters of each face Pp for marked faces, and p/ for unmarked 
ones. 

Notice that each graph of r*^^_^ projects on a graph of ^g,n,m by removing the 
1-valent vertex and its adjacent trivalent vertex, and keeping a marked point on the 
boundary of the face F. The sum of J Yip d-lp over graphs of T* „^ which project to 
the same graph, corresponds to a sum of all possibilities of marking a point on the 
boundary of face F, i.e. a factor Pp, and thus removing the marked point. Therefore: 

A^ — iii f T \n poo 

roo poo 

n / pf dPp e-^'-^- n / n ^(^^/ - e n ^(^^ - e 

^ E 



2"A,, . . . ^ ^ #Aut(G) 

poo -| poo 

n/ % 1^ Tr (e-^/^) n / P^rfP^e-^-^- Vol(7rG^(P^,p^)) 

t JQ TP Jo 



(2 - 22) 



where Volii^Q^^Pp^pf)) is the volume of the puUback of the ribbon graph G in ^comb . 



'■g,n+m- 



/n 
n c?^e n ^^pi - E n - e (2-23) 

The number of integrations (i.e. after performing the 5) is 2dg^n+m = #edges— #faces = 
2(35' — 3+n+m), which is the dimension of A4g^n+m, therefore Yle is a top-dimension 
volume form on J^l°n+m = Mg^n+m X R+^'", i.e.: 

j](i/e=i^^n^^^n^^'/ (2-24) 

g dg,n+m- p J, 

where il is the 2-form on the strata TiQ^{Pp,pf) of M.f^^^ such that: 

^ = E ^/^/ + E ^-P'^^ (2-25) 

and where cjj = Xle<e' (^i^e/Pf) ^ ^i^e' /Pf) is the first Chern class of puUback of the 
cotangent bundle at the center of the face ifjf = Ci{Cf). 
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Kontsevich [9] proved that the constant pg^n+m is given by: 

Pg,n+m = 23-1-2'^-"+™ (2-26) 

Thus we have: 



Pg,n+m 
dn 



g,n+m- JTT^^{Pp,pf) 
Pg,n+'m 



E r n^n 



2d 



= E n ^ n ^ < n *v' n 

(2 - 27) 



therefore 



/OO 1 
%-Tr(e-^/>ol(7r^i(P^,p^)) 

n/ %T^Tr(e-/^) 5^ 



/ 



(2-2^ 



/ E/ "^Z + Ef '^-F~'^9.»i+'n 

„2rf/ p2dF 

f f F ^ f F 

Pg,n+m ^ ^ 

E/ <^/ + Ef <^F=(lg,n + m 

n ^ ^ (A-«-.-)) n 5 < n ^? n 

E n ^ n ^ < n n >« 

J2f<if + 'l2F'^F=dg,n+m f F f F 



and then, when we sum over all graphs (since we sum over graphs with m unmarked 
faces, we have to divide wrt to the symmetry factor m!, like in [9j) : 



(9) 



POD 

J? Jo 



2" Ail ■ ■ - ^in p 



>f"> 
(2 - 29) 



9 



Therefore, if we write: 



dXii ■ ■ ■ d\ri 



POO 

/ dP,...dPn YlPpe-^^^''^ Vg,rriPu..-,Pn) (2-30) 

Jo 



we find that the inverse Laplace transform of Wg^n is: 



yg,n{Pl, • • • , Pn) — Pg,n Zlm ^ m! J]™ J]!,' dj,=dg,„- 

2df\ t2df+l TT pI''^ . tt ,df 



(2-31) 



where the intersection theory is computed on JUg^n+m- 

Since we are interested only in the perimeters of the n marked faces, we may try 
to perform the integration over the m unmarked faces, i.e. we introduce the forgetful 
projection iin+m^n '■ -Mg^n+m ^ which "forgets" the m remaining points. It is 

known [H [16] that the push forward of the classes ip'^^^ , can then be rewritten in terms 
of Mumford's [H] tautological classes on M.g^n, by the relation: 



vr. 



71+m— >n / * 



F CTgSm c=cyclesof(j F 

Therefore, if we rewrite df = a/ + 1 we have: 
1 



K/,n.(-Pl) • • • ) Pn) 
Pg,n 



2dp 



n2af + 1! t2af+3 YJ Pp' ^ TT TT ; 



dp 
F 



> 



f J F ^ c F 



F > 



= (-1)" E E;^ E E 

do+di+...+dp=dg,„ F m ai + ...+am=dQ,af>0 crgSm 

Now, instead of summing over permutations, let us sum over classes of permutations, 
i.e. partitions > /2 > • • • > 4 > 0, and we denote |/| = J2i h = itT' the weight of the 
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class, and | [I] \ the size of the class: 

The sum over the a's for each class gives: 
(-1)" 

Vg,n{Pl, ■ ■ ■ , Pn) 

Pg,n 

E nf^E E E 

do+di+...+dF=dg,n F k h>l2>...>lk>0 aij,i=l,...,k,j=l,...,li 

*(E - n ^ < n "e;,. «,„ n ^j- > 

i,j i,j ''^ i=l F 

(2 - 35) 

Since the summand is symmetric in the /j's, the ordered sum over li > . . .Ik, can be 
replaced by an unordered sum (multiplying by l/k\, and by Jlil^lV — j}V- 
some li coincide): 

^g,n(-Pl) ■ ■ ■ , Pn) 

2dp 



^...+dF=dg,„ F k h,l2,..;lk>0 »=1 aij,i=l,...,k,j=l,...,li 

HE - n ^ < n -e;,. ... n ^i- > 



1,3 »=1 F 

^2dp -I k k 



E n^E^ E <n'''.n*^j' 



do+(ii+...+(iF=(ig,n F k bi+b2+-.-+bk=do «=! «=1 

(2 - 36) 
where 

f'-Ey E P-37) 

«>0 ai + ...+a;=6 j ^ 

ib can be computed as follows: introduce the generating function 

9W=E^%^-° (2-38) 

a=0 

then ib is 

4 = E y(^')''=(-l^(l-^))'' (2-39) 

l>0 
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where the subscript b means the coefficient of z'^ in the small z Taylor expansion of the 
corresponding function, i.e. 

oo 

-ln{l-g{z)) = J2ibz'=~g{z) , 1 - g{z) = e-'^^^^ (2-40) 

6=0 

In fact, it is better to treat the a = and 6 = terms separately. Define: 

^ a=l 



oo 



and 

fiz) = - In (1 - f{z)) = ~g{z) -io = Yl z' (2-42) 



6=1 

We have: 



to = -ln(l-|) (2-43) 



and tb is now a finite sum: 



1=1 ai+...+ai=b,ai>0 j ■> 



Using that = 2g — 2 ^ n, we may also perform the sum over all vanishing 6's. 
Let us change k ^ k + I where I is the number of vanishing 6's, i.e. 



/ -\\n p'^dp -I 

tlLvi,„(P.,...,P„) = j2 n^EEw'*""") 

^S'" do+d, + ...+dp=d,,n F k I 



k k 



bi+b2+...+bk=do,bi>0 *=1 «=1 F 

- E n^EM 

do+di+...+dF=dg,n F k 

k k 



bi+b2+...+bk=do,bi>0 i=l i=l F 

2 \ 2g-2+n p2dF 



2-t3j ^ -•■->■ dF\ ^ k\ 

dQ-\rd\-\----\-dp=dg^n F k 
k k 

6i+62+-+6fc=<io,6i>0 i=l i=l F 

(2 - 45) 

Notice that: 

Pg^n'i^3-2+n ^ 2-<^s." (2-46) 
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thus 



do+di + ...+dF=dg,„ F ^ k bi+b2+...+bk=do,bi>^ «=! «=1 F 



(2 - 47) 

Finaly we obtain theorem 11.11 □. 

3 Examples 

3.1 Some examples 

First, we give a few examples with general times t^'s. 
Using formula 12-441 we have: 



~ _ 7! tg 3!5! ^5^7 _ 3!^ tl 

~ ~ 3! ^ ^ (t3 - 2)2 ~ T (ts - 2)3 ^ ' 

Then we use theorem 11.11 for some examples. In the examples that follow, the 
first expression is the definition eq ll-3l while the second expression results from the 
recursion eq ll-4[ 

1 dzi dz2 dz^ _ 1 dzi dz2 dz^ 

1^0,31^1, Z2, Zs) - —2-2-2— < ^ >0- T ^ 2 ^2 ^2 1^"'^^ 

^3 — ^ Zi Z2 ^3 Is " ^ ^1 ^2 ^3 

i.e. 

H,3(Li,L2,L3) = -^ , <l>o=l (3-4) 



WiAz) 



dz 

m - 2) 



/ 6 , tl \ c/;z / 1 



(is - 2).-! 



I.e. 



< -1 >i= ^ 



(3-5) 



(3-6) 



Wi^2{Zi,Z2) 



dzidz2 



A{h-2yzfzl 



{zf < ^2 > +4 < ^Pi >) + 3!"z^22 < ^lJi^P2 > 



^t\Z]^Z2 < Kilpi > +tiZ^Z2 < K,1^2 > +77^1-21-22 < 1^1 > +^2 -21-^2 < /^2 > 
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dzidz2 



l{h - 2Yzlzl 
-{h - 2){Qt^ztzl + QUzlzt + ht^ztzt) 



Ulz\z\ 



I.e. 



< Kx-^x >1= 2 

The recursion equation 11-41 also gives: 

dz 



< >i = 



1 



< K2 >1 = 



1 

24 



(3-8) 



128(2 - ^3)7^10 



252 1^/ + 12 1^/ (2 - ts){50t7Z^ + 21 



+z^{2 - hY{2b2ti + 348t5t7-2 + 145 t^z^ + 308t5t9-2 
+^2(2 - ta) (203^5 + 145 2% + 105 2% + l^hzHu] 
+ 105 (2-^3)^ 



(3-9) 



1^4,0(^1,^2,^3,^4) = 12 g f/', , ht:i-2){z^^ + z:,^ + zf + zf)-h) (3-10) 

and so on ... 

3.2 Specialisation to the Weil-Petersson measure 

Now, we specialize to the Weil-Petersson spectral curve of [5]: 

y{z) = ^s\n{2r^z) ^ t,,^, = + 25,,, f{z) = l-e-'-'' (3-11) 
ZTT Za + 1! 

so that: 

fiz)=An^z ^ 4 = 47r2 5,^1 + 4o In (-2) (3-12) 
therefore each bi must be 1, and we must have k = do, and we get: 

vaPu ...,Pn)= 2~'^- Yi ^ n ^ < (2^''^!)''' n < > 

do+di+...+dF=dg,„ 0- F ^' F 

(3-13) 

which is, after Wolpert's relation [17], the Weil-Petersson volume since 27r^/ti is the 
Weil-Petersson Kahler form, and thus, we have rederived Mirzakhani's recursion rela- 
tion. 
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3.3 Specialisation to the Av2 measure 

Just to illustrate our method, we consider the integrals with only K2: 

V.APi, ...,Pn) = 2-'^- Yl 77 n ^ < i^^^^)'" U'^F > (3-14) 

which correspond to the conjugated times 



/»=tV - /(-) = Et^-'' (3-15) 

k=l 

i.e. ts = 3, and 

= -^.,0 (3-16) 
The corresponding spectral curve is: 



.(.) = -i + 2f;(-<.)'— (3-17) 



2 A;!(4A; + 1)! 



with that spectral curve, the volumes Vg^n satisfy the recursion of theorem ll.il 
3.4 Specialisation to discrete measure 

Let us consider the example where A = A Id, which is particularly important because 

dM e-^T^ i^f-Mix-H)) oc [dM e-^ ^ (^m^-^) (g.ig) 



where 

T=-- (A^ + i)-3/2 (3_19) 
8 A 

i.e. Kontsevich integral reduces to the usual cubic one-matrix model, which is known 
to count triangulated maps [2]. 
In that case we have: 

tk = A"^ (3-20) 

thus for 6 > 1: 

^ 1 

t6 = 2''A-2^^-(l-2A3)-' lli2a, + l)\\ (3-21) 

1=1 ai+...+ai=b,ai>0 i 

For instance we have: 

H,3(i) = (3-22) 

= 5 <^ < *' < >■> = 8(2^ (? ^ 2^) P-^^) 

15 



where k = GA-^ (1 - 2X^)-\ 

It would be interesting to understand how this relates to the discrete Regge measure 
on the set triangulated maps. In the case of triangulated maps, loop equations, i.e. the 
recursion equation eq Jl-41 are known as Tutte's equations [T5] which give a recursive 
manner to enumerate maps. This shows how general the recursion equation eq Jl-41 is. 

4 Other properties 

From the general properties of the invariants of [7J, we immediately have the following 
properties: 

• Integr ability. The F^'s satisfy Hirota equations for KdV hierarchy. That property 
is well known and it motivated the first works on Witten-Kontsevich conjecture 

• Virasoro. The invariants of [7] were initialy obtained in [6l [7] from the loop 
equations, i.e. Virasoro constraints satisfied by Z{A). 



Wg^niZi, ...,Zn) = TT:^— Res (l>{z)Wg^n+l{Zi, . . . , Z^, z) (4-1) 



Dilaton equation, we have: 

1 

2g + n- 2 V-^o 
where = ydx. 

For the Weil-Petersson case, after Laplace transform this translates into [5]: 

1 d 

• • • , -^n)wp = 7^ — ; ^ ^7 K?,n+i(-^i, • • • , -^n, 2i7r)wp (4-2) 

Zg + n — z, OLn+i 

It was also found in [7] how all those quantities behave at singular points of the 
spectral curve, and thus obtain the so-called double scaling limit. 

The invariants constructed in [7] have many other nice properties, and it would 
be interesting to explore their applications to algebraic geometry... 



5 Conclusion 

In this paper we have shown how powerful the loop equation method is, and that the 
structure of the recursion equation eq jl-41 (i.e. Virasoro or W-algebra constraints) is 
very universal. 

We have thus provided a new proof of Mirzakhani's relations, exploiting the nu- 
merous properties of the invariants introduced in [7]. However, the construction of [7] 
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is much more general than that of Mirzakhani, since it can be apphed to any spectral 
curve and not only the Weil-Petersson curve y = ^ sm{2T^^^/x). In other words, we 
have Mirzakhani- like recursions for other measures, and theorem jl . 1 1 gives the relation- 
ship between a choice of t^'s (i.e. a spectral curve) and a measure on moduli spaces. 
Moreover, the recursion relations always imply integrability and Virasoro. 

It would be interesting to understand what the algebraic invariants Wg^n defined 
by the recursion relation of [7] compute for an arbitrary spectral curve, not necessarily 
hyperelliptical neither rational... 
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